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data.Normalization (clusterSim) 

 

Types of variable normalization formulas 

 

A. Variable (column) normalization 

Variable (column) normalization can be applied to any data matrix. 

1 
Selection of ob-

jects and variables 
data matrix [𝑥𝑖𝑗] 

2 

Variable scale 

level 
Ratio Ratio Interval 

Selection of varia-

ble normalization 

formula 

n6 – quotient transformation 

n6a – positional quotient transfor-

mation 

n7 – quotient transformation 

n8 – quotient transformation 

n9 – quotient transformation 

n9a – positional quotient transfor-

mation 

n10 – quotient transformation 

n11 – quotient transformation 

n1 – standardization 

n2 – positional standardization 

n3 – unitization 

n3a – positional unitization 

n4 – unitization with zero 

minimum 

n5 – normalization in range 

[–1, 1] 

n5a – positional normalization 

in range [–1, 1] 

n12 – normalization 

n12a – positional normaliza-

tion 

n13 – normalization with zero 

being the central point 

n1 – standardization 

n2 – positional standardiza-

tion 

n3 – unitization 

n3a – positional unitization 

n4 – unitization with zero 

minimum 

n5 – normalization in range 

[–1, 1] 

n5a – positional normaliza-

tion in range [–1, 1] 

n12 – normalization 

n12a – positional normaliza-

tion 

n13 – normalization with 

zero being the central 

point 

 
Transformed vari-

able scale level 
Ratio Interval Interval 

 

(n1) 𝑧𝑖𝑗 = (𝑥𝑖𝑗 − 𝑥̄𝑗)/𝑠𝑗 

(n2) 𝑧𝑖𝑗 = (𝑥𝑖𝑗−̶𝑚𝑒𝑑𝑗) 𝑚𝑎𝑑𝑗⁄  

(n3) 𝑧𝑖𝑗 = (𝑥𝑖𝑗 − 𝑥̄𝑗)/𝑟𝑗 

(n3a) 𝑧𝑖𝑗 = (𝑥𝑖𝑗 −𝑚𝑒𝑑𝑗) 𝑟𝑗⁄  

(n4) 𝑧𝑖𝑗 = [𝑥𝑖𝑗−̶min 
𝑖

{𝑥𝑖𝑗}] 𝑟𝑗⁄  

(n5) 𝑧𝑖𝑗 = (𝑥𝑖𝑗 − 𝑥̄𝑗) 𝑚𝑎𝑥
𝑖

⁄ |𝑥𝑖𝑗 − 𝑥̄𝑗| 

(n5a) 𝑧𝑖𝑗 = (𝑥𝑖𝑗 −𝑚𝑒𝑑𝑗) 𝑚𝑎𝑥
𝑖

⁄ |𝑥𝑖𝑗 −𝑚𝑒𝑑𝑗| 

(n6) 𝑥𝑖𝑗 𝑠𝑗⁄  

(n6a) 𝑧𝑖𝑗 = 𝑥𝑖𝑗 𝑚𝑎𝑑𝑗⁄  

(n7) 𝑥𝑖𝑗 𝑟𝑗⁄  

(n8) 𝑥𝑖𝑗 𝑚𝑎𝑥
𝑖

{𝑥𝑖𝑗}⁄  

(n9) 𝑥𝑖𝑗 𝑥̄𝑗⁄  

(n9a) 𝑧𝑖𝑗 = 𝑥𝑖𝑗 𝑚𝑒𝑑𝑗⁄  

(n10) 𝑥𝑖𝑗 ∑ 𝑥𝑖𝑗
𝑛
𝑖=1⁄  

(n11) 𝑥𝑖𝑗 √∑ 𝑥𝑖𝑗
2𝑛

𝑖=1⁄  

(n12) 𝑧𝑖𝑗 =
𝑥𝑖𝑗−𝑥̄𝑗

√∑ (𝑥𝑖𝑗−𝑥̄𝑗)
2𝑛

𝑖=1

 

(n12a) 𝑧𝑖𝑗 =
𝑥𝑖𝑗−𝑚𝑒𝑑𝑗

√∑ (𝑥𝑖𝑗−𝑚𝑒𝑑𝑗)
2𝑛

𝑖=1
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(n13)1 𝑧𝑖𝑗 =
𝑥𝑖𝑗−𝑚𝑗

𝑟𝑗/2
 

where: 𝑥𝑖𝑗(𝑧𝑖𝑗) – i-th observation on j-th variable (i-th normalized observation on j-th variable), 

𝑥̄𝑗(𝑠𝑗) – mean (standard deviation) for j-th variable, 

𝑚𝑒𝑑𝑗 = 𝑚𝑒𝑑
𝑖

(𝑥𝑖𝑗) – median for j-th variable, 

𝑚𝑎𝑑𝑗 = 𝑚𝑎𝑑
𝑖

(𝑥𝑖𝑗) – median absolute deviation for j-th variable, 

𝑟𝑗 = 𝑚𝑎𝑥
𝑖

{𝑥𝑖𝑗} − 𝑚𝑖𝑛
𝑖
{𝑥𝑖𝑗} – range for j-th variable, 

𝑚𝑗 =
𝑚𝑎𝑥

𝑖
{𝑥𝑖𝑗}+𝑚𝑖𝑛

𝑖
{𝑥𝑖𝑗}

2
 – mid-range for j-th variable. 

 

B. Object (row) normalization 

The same normalization procedures can be applied as for variable (column) normalization. Object 

(row) normalization makes sense only when all variables are expressed in the same unit. This is often 

the case for instance with structural data. 
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